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Abstract3d lattice studies have recently attracted a lot of atten-
tion, especially in connection with nite temperature eld theories.
One ingredient in these studies is a perturbative computation of
the 2-loop lattice counterterms, which are exact in the continuum
limit. We extend previous such results to SU(N) gauge theories
with Higgs elds in the fundamental and adjoint representations.
The fundamental SU(3)SU(2) case might be relevant for the elec-
troweak phase transition in the MSSM, and the adjoint case for the
GUT phase transition and for QCD in the high temperature phase.
We also revisit the standard SU(2)U(1) and U(1) theories.
1 Introduction
Finite temperature gauge theories exhibit many interesting and important
phenomena, such as the EW (electroweak) and QCD phase transitions. Un-
fortunately these are not easy questions to answer, due in part to the infrared
problem at nite temperature. However, recently a successful approach has
been developed at least for the thermodynamical aspects of the EW phase
transition (for a review, see [1]). This approach consists of a perturbative di-
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lattice simulations in that theory [8{13]. Other cases where similar 3d sim-
ulations are needed are QCD in the high temperature phase [14] and the
Ginzburg-Landau model of superconductivity [15,16].
One ingredient in the non-perturbative 3d studies is the relation of the lattice
and continuum regularization schemes [17,18]. This problem is analogous to




in 4d [19]. In this paper, we extend previous
3d results to theories relevant for extensions of the Standard Model.
To be more specic, consider that one has to convert the results of lattice
simulations to continuum observables. In 4d this is usually done by measuring
some experimentally known observables and using them to x the parameters.
However, in 3d this is not possible since no such observables exist. Thus one
has to use lattice perturbation theory [20] to explicitly renormalize the theory
and nd the relationship to the MS scheme observables in this way. For super-
renormalizable theories the result will be exact in the continuum limit at a
nite order in the loop expansion; in 3d one needs to go to 2 loops, and only
the mass parameter gets renormalized.
The task of relating lattice and continuum observables for 3d SU(2)+Higgs
theories was previously discussed in [17,18]. In [18] the calculations were shown
in some detail and results were given for SU(2) and U(1) theories with Higgs
elds in adjoint and fundamental representations. Here we go to SU(N) gauge
elds with both types of scalar elds. 1-loop O(a)-improvement in 3d has been
discussed in [21].
It should be noted that for some observables the 2-loop mass counterterms are






at the phase transition point (m
2
c
) in a theory with only one




However, in most cases the value of m
2
c
is needed: one needs it in order to
make a systematic comparison with 3d perturbation theory (the lattice and
perturbative results should be compared for the same parameters), one needs
it if there are several mass parameters in the theory as in the SU(3)SU(2)
model discussed in Sec. 5, and one needs it when connection to 4d physics is
made, especially in theories sensitive to the value of T=
MS
such as QCD in
the high-temperature phase [14].
This paper is organized as follows. In Sec. 2 we briey discuss some general
aspects of the problem. In Sec. 3 we calculate the 2-loop lattice counterterms
for the SU(N)+adjoint Higgs theory and in Sec. 4 for the SU(N)+fundamental
Higgs theory. Some other fundamental theories, namely SU(3)SU(2) with
two Higgses and SU(2)U(1), U(1) with one Higgs, are discussed in Sec. 5. In
Appendix A we discuss the Feynman rules, in App. B some lattice integrals,
in App. C the isospin contractions, in App. D the numerical values of the
2





parts of the counterterms.
2 Calculations
In order to nd the relationship between the lattice and MS renormalization
schemes we have to calculate some physical quantity in both schemes and
equate them. As discussed in [18], the simplest choice is the minimum value
of the eective potential. Practically this means requiring that the 
2
-parts of
the eective potentials coincide.
In addition to the 
2
-term, one needs to compute the mass-dependent part





+ V , then the mass-dependent part of the vacuum
energy density agrees with the MS-result. The signicance of the vacuum














Hence, the relation of h
y
i measured in continuum and on the lattice without



















lattice simulations. Like for the mass counterterm, the 2-loop result is exact
in the continuum limit. If one has a phase transition and is only interested in
the discontinuity of h
y
i, then the vacuum counterterm does not contribute.
When replacing SU(2) with SU(N), the Feynman rules discussed in [18] get





, but sometimes more structure is added. The most
crucial dierence is that the symmetric tensors d
ABC
are no longer zero. The
Feynman rules for the gauge and ghost-gauge vertices can be read from [20],
with the replacements 1=4a
2









+ : : :) in Eq. (14.44). The sign of the ccAA-vertex in

















































































. The other vertices are given in Appendix A.
We will perform the calculations in the R

gauge with  = 1 in order to
make the gauge propagator simple { the result is gauge xing independent.
As mentioned, we only need to go to 2-loop level to obtain the exact result. In
[18] the results for most of the necessary integrals were given. In the present
case, dierent components of the elds get dierent masses in the symmetry
breakdown and we have to consider the corresponding integrals. However, it
is easy to express all these new integrals using the ones dened in [18]; the
most important cases are for completeness given in Appendix B.
3 Adjoint Higgs
Let us consider rst a system with an SU(N) gauge eld and a Higgs scalar










































































and a is the lattice constant.




























































; where the generators T
A
of the Lie algebra




































is Hermitian, traceless and properly normalized and can therefore be chosen
to be one of the generators.
We wish to relate the lattice observables to the MS scheme ones using the
method given in [17,18]. In order to calculate the eective potential, we break





potential in the adjoint case depends on the direction of the shift. However, we
are only interested in the quadratic part of the potential which depends only on
the magnitude v and thus any direction can be chosen. The Higgs-gauge cross
term is cancelled by introducing an R
























































































































































































































































































It is now straightforward to calculate the renormalization counterterms and
to relate them to the ones obtained in the MS scheme. Let m
2
() be the







mass. The diagrams needed to calculate m
2
are the same as in [18]. The
Feynman rules for the vertices are given in Appendix A. The calculation of
the isospin factors in the broken phase is discussed in Appendix C, and some
typical lattice integrals are in Appendix B. For some diagrams, products of
four structure constants are needed. Their values are given in Appendix A
of [7].




















































































































and  have been dened in [17,18]. Their




cancel as they should, which can be seen by comparison with Eq. (48) of [7].
As for SU(2), the nite parts of 
ii
= arising from dimensional regularization
in the MS case, cancel between the diagrams (vvv) and (vvs). The 2-loop
1=a-terms cancel against contributions from the mass counterterms.
The mass-dependent part of the vacuum counterterm is also straightforward





































As a concrete example, consider SU(5). Using the numerical values of the













































































The combination appearing on the last row in eq. (13) is in eq. (D.5).
4 Fundamental Higgs



















































































In contrary to the adjoint case, the eective potential can be calculated in the













For simplicity, we shall assume
^
 to be real (this assumption enters in the





























As mentioned, in practical calculations we use  = 1 to simplify the momentum
algebra. The shifted eld
~
 =   
^











 = 1; : : : ; N . To get the propagators we dene two more projection operators

































= N   1; L

= 1: (19)





























































































are the ghost elds, the expression (: : :) is the same as for the













































The isospin algebra appearing in the graphs is for the most part the same as
in continuum, and can be read from [22]. There are a few additional terms
which do not appear in continuum since the vertex is proportional to powers of
a
2
. Such terms come from the ccAA-vertex and the two AAAA-vertices. The
isospin algebra of hccAAi can be deduced from the graph (vv) in eq. (B.46)






































where we used that the masses in the propagators can be put to zero here.
The algebra related to the symmetric a
4
-part of the four-gluon vertex coming























































Here we used eq. (B.9) according to which the result of the momentum integral
is symmetric and quadratic in the masses in the continuum limit.
After the momentum integrals, one can verify the cancellation of 1=a-terms















































































 4N(N + 1)  2(3N
2









In fact, the 1-loop terms proportional to g
2
and the 2-loop terms proportional
to g
4
in eqs. (12), (23) can be written in a unied way, and for completeness
this formula is given in Appendix E.
The relation of h
y

































Corrections of order a to the discontinuity of h
y
i are discussed in [21].
5 Other fundamental Higgs theories
5.1 SU(N)SU(2)
It has been argued in [6,22] that an SU(3)SU(2) gauge theory with two scalar
elds might be relevant for the electroweak phase transition in MSSM. Let us




































































































are the corresponding gauge couplings, H is the Higgs doublet and U is the
right-handed stop eld. Since the two scalar elds are coupled only through
the simple scalar vertex proportional to , discretization follows immediately
from Sec. 4.
The results for the counterterms can also mostly be read from Sec. 4. The
reason is that when one makes a shift in H, say, then in the SU(N)-sector











H in the masses in eq. (21).
Thus the result can be deduced from the mass-dependent part of the vacuum



















































































































 4N(N + 1)  2(3N
2
































































































































































































































































































The numerical value of the constant  + 
2




-part of standard electroweak SU(2)U(1) theory, only the nu-
merical values of the lattice counterterms have been previously given in lit-
erature [9]. We give here the exact result in terms of the lattice constants



















































































(x)=2. Any positive number  in eq. (31) gives the same naive
continuum limit. The Higgs eld has been written as a matrix  = (
~
), where






. The continuum Lagrangian







































































































































































































































For the U(1)+Higgs theory we extend previous results [18] by introducing
an extra parameter  as in Ref. [9] and Sec. 5.2, allowing a simultaneous
representation of the compact and non-compact lattice actions.


















































































































































































The non-compact case follows as the limit  !1.
6 Conclusions
We have applied the previously developed method of deriving 2-loop lattice-
continuum relations to 3d theories relevant for QCD and some extensions of
the Standard Model at nite temperature. The main results are the expres-
sions for the bare lattice mass parameters in eqs. (12),(26),(27), with numerical
values as given in eqs. (14),(28),(29). When an extrapolation to the contin-
uum limit is made in the lattice simulations, these equations allow to extract
the corresponding nite xed value of the MS mass parameter m
2
(). Then
one can compare lattice simulations with 3d perturbation theory, or if m
2
()
has been computed with methods of dimensional reduction from 4d, one can
extract the physical temperature to which the simulations correspond.
13
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A Feynman rules
In this appendix we give the Feynman rules for the interactions of the Higgs
eld in the symmetric phase. The ones related to gauge and ghost-gauge ver-
tices were discussed in Sec. 2.






























































































In the broken phase, the shift generates two new three-point vertices  and




































































































In the broken phase, the shift generates again the extra vertices , AA,
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In [17,18], the lattice integrals were worked out for mass combinations specic

































































where the superscript in V
1
ij
is to remind that we are in the Feynman gauge.










































































































































































































































































































  0:152859 (however,
^
 cancels in the












The contributions from the gure-8 graphs follow directly from the SU(2)
case in [18], apart from the graph (vv). Let us note that there are two kinds of













(this is the isospin factor appearing in continuum) and the other to the factor

























































































































When calculating the adjoint case mass counterterm in eq. (12) one has to
evaluate 2-loop Feynman diagrams with complicated vertices. There are basi-
cally two ways to evaluate the isospin factors related to the diagrams. Either























and the projection operators in eq. (9), or one can write the elds in component
form and calculate products of the structure constants of the Lie algebra. We




















according to eq. (7). The matrices T
A




separate the index set I = f1; : : : ; N
2







. The matrices corresponding to set I
1
form a representation of
su(N   1) and I
3
contains only the index N
2
  1.































































































=N(N   1)(N   2); F
122















































































The results are symmetric in the permutation of the indices. All other sums
are zero.
D Numerical values
Let us use the shorthand s  sin. Then the numerical constants appearing in



















































































































































































































































The constant  can be expressed in terms of the complete elliptic integral of
the rst kind [17]. The number in parentheses in the other constants estimates
the uncertainty in the last digit.




were dened. However, they appear in




and can thus be eliminated using the
relation






































In addition, there is the constant  for which one to our knowledge cannot
















































For the numerical evaluation this integral can be reduced to a four-dimensional
one [17]. Note also that for the combination appearing in the relation of lattice
18






   = 0:66796(1): (D.5)
Finally, let us point out that the results above follow from a straightforward
numerical integration. If needed, more precise values could be obtained using
the position space techniques developed in [23]. We these techniques one can,
for instance, write a closed expression for . Noting from eq. (11) in [24] that
replacing the mass am = 2z in eq. (D.4) with an external momentum ap






































































; H(0) = 1:67338930297(1): (D.8)









cancel in eq. (D.6). To evaluate the sum one needs an ecient method of
calculating G(x) very precisely [23].






be the generators of the adjoint representation, and G
A
































In addition, the number of real scalar eld components is denoted by d. Then




  1)=2N and d = 2N ,
and for the adjoint representation, T = C
2
= N , d = N
2
  1.
In the limit that the scalar self coupling constants vanish, one can then write





















































 +N   C
2
 2 (N + T )   2 (N + C
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